The first example of a quantum group was introduced by P. Kulish and N. Reshetikhin. In their paper "Quantum linear problem for the sineGordon equation and higher representations" published in Zap. Nauchn. Sem. LOMI, 1981, Volume 101 (English version: Journal of Soviet Mathematics, 1983, they found a new algebra which was later called Uq(sl(2)). Their example was developed independently by V. Drinfeld and M. Jimbo, which resulted in the general notion of quantum group.
Introduction
The "linearization problem" in quantum groups, proposed by Drinfeld [9] , and solved in the seminal work of Etingof and Kazhdan [10] and [11] , leads naturally (see [15] for details) to the study of Lie bialgebra structures where the underlying Lie algebra is a finite dimensional split simple Lie algebra g(K) over the (algebraic) Laurent series field K = C((t)). The classification of the Lie bialgebra structures that such an algebra g(K) can carry is closely related to the structure of its Drinfeld double. Indeed, the double of g(K) is always a Lie algebra of the form g(K)⊗ K A, where A is either K × K, the quadratic field extension L = C((j)), where j = t 1 2 , or, finally, the algebra K[ǫ] of dual numbers of K. The latter case is related to Frobenius algebras and it will not be discussed in the present work. For the first two cases (see again [15] for details and further references), the classification is given in terms of what the authors call nontwisted and twisted Belavin-Drinfeld cohomologies, and the corresponding Lie bialgebra structures are called of non-twisted and of twisted type respectively. It was also notices in [16] that certain non-twisted Belavin-Drinfeld cocycles are Galois cocycles.
The general connection between Belavin-Drinfeld and Galois cohomologies were found in [18] . The main ingredient of the appearance of the Galois cohomologies in the quantum groups theory is the study of the centralizers C(G, r) ⊂ G. Here G is the an algebraic K-group corresponding to g(K) and r is an rmatrix, a solution of the modified classical Yang-Baxter equation classified by Belavin and Drinfeld in [1] , which we denote by r BD .
The main results of [18] assert that:
(a) Non-twisted Belavin-Drinfeld cohomologies H(G, r BD ) introduced in [15] are nothing but the usual Galois cohomologies H 1 (K, C(G, r BD )). (b) For the Drinfeld-Jimbo r-matrix r DJ (it will be defined later), the twisted Belavin-Drinfeld cohomologies can be interpreted in terms of the ordinary Galois cohomology H 1 (K, C(G, r DJ )), where C(G, r DJ ) is a twisted form of the Kalgebraic group C(G, r DJ ) split by the quadratic extension L mentioned above (however, this result was obtained in the case G is a group of the adjoint type).
(c) H 1 (K, C(G, r DJ )) = 1 (by Hilbert 90) and H 1 (K, C(G, r DJ )) = 1 (by a theorem of Steinberg, a result that is also used to establish the correspondence mentioned in (b) above).
(d) In [15] , [16] , [21] , non-twisted and twisted Belavin-Drinfeld cohomologies H(G, r BD ) and H(G, r BD ) were computed for the following classical groups: GL, SL, SO, and for the simply connected Sp.
The main objective of the present paper is to deal with (b) and (c) for arbitrary Belavin-Drinfeld matrices. This completes the classification of the Lie bialgebras under consideration. We also discuss the classification problem of the corresponding quantum groups. Remark 1.1. In defining Belavin-Drinfeld cohomologies, the group G need not be adjoint. In the non-twisted case, the base field K could be taken to be arbitrary (of characteristic 0), and some interesting results can de derived in this generality. In the twisted case, the quadratic extension is crucial. So is the fact that K is of cohomological dimension 1 and that its Galois group is pro-cyclic. These facts, together with the connection with quantum groups for the case of K = C((t)), explains why we will restrict our attention to this particular base field.
Notation
Throughout this paper K will denote C((t)) and L its quadratic extension C((j)), where j = t 1 2 . We fix an algebraic closure of K, which will be denoted by K. The (absolute) Galois group Gal(K) of the extension K/K will be denoted by G. For future reference we recall the explicit description of G.
Fix a compatible set of primitive m th roots of unity ξ m , namely such that ξ e me = ξ m for all integer e > 0.
1 Fix also, with obvious meaning, a compatible set t Note for future reference that γ 2 := 2γ 1 is the canonical profinite generator of
If V is a K-space (resp. Lie algebra), we will denote the K-space (resp. Lie
If K is a (smooth) linear algebraic group over K, then the corresponding (non-abelian)étale Galois cohomology will be denoted by H 1 (K, K) (see [20] for details). We recall that H 1 (K, K) coincides with the usual non-abelian continuous cohomology of the profinite group G acting (naturally) on K(K).
Let g be a split finite dimensional simple Lie algebra over C, g(K) = g ⊗ C K. In what follows the adjoint group of g(K) (viewed as an algebraic group over K) will be denoted by G ad .
We fix once and for all a Killing couple (B ad , H ad ) of G ad , whose corresponding Borel and split Cartan subalgebras will be denoted by b and h respectively. Our fixed Killing couple leads, both at the level of G ad and g(K), to a root system ∆ with a fixed set of positive roots ∆ + and the base Γ = {α 1 , . . . , α n }.
The Lie bialgebra structures that we will be dealing with are defined by rmatrices, which are elements of g(K)⊗ K g(K) satisfying CYB(r) = 0 where CYB is the classical Yang-Baxter operator (see §3 below and [12] for definitions).
The action of G ad on g(K) ⊗ K g(K) induced by the adjoint action of G ad on g(K) will be denoted by Ad X . Along similar lines, if σ ∈ G, then we will write σ(r) instead of (σ ⊗ σ)(r).
Fix r ∈ g(K) ⊗ K g(K). The centralizer of r in G ad (under the adjoint action) will be denoted by C(G ad , r). It is an algebraic K-group and a closed subgroup of G ad . Its functor of points is as follows. Let R be a commutative ring extension of K. View r as an element of (g(K)
Belavin-Drinfeld classification
Let F be an arbitrary field extension of C. For the time being we replace K by F.
Consider a Lie bialgebra structure δ on g(F). By Whitehead's Lemma the cocycle δ :
for all a ∈ g(F). It is well known when an element r ∈ g(F) ⊗ F g(F) determines a Lie bialgebra structure of g(F). See [12] for details.
We assume until further notice that F is algebraically closed. Then we have the Belavin-Drinfeld classification [1] , which is useful to recall now. Following [1] , we define an equivalence relation between two r-matrices r, r ′ ∈ g(F)⊗ F g(F) by declaring that r is equivalent to r ′ if there exist an element X ∈ G ad (F) and a scalar b ∈ F × such that
Furthermore, if b = 1, these two r-matrices are called gauge equivalent.
Belavin and Drinfeld provide us with a list of elements r BD ∈ g(F) ⊗ F g(F) (called Belavin-Drinfeld r-matrices) with the following properties:
1. Each r BD is an r-matrix (i.e. a solution of the classical Yang-Baxter equation) satisfying r + r 21 = Ω (where Ω is the Casimir operator of g(F) ⊗ F g(F)).
2. Any non-skewsymetric r-matrix for g(F) is equivalent to a unique r BD .
For the readers' convenience we recall the structure of the Belavin-Drinfeld r-matrices. With respect to our fixed (b, h), any r BD depends on a discrete and a continuous parameter. The discrete parameter is an admissible triple (Γ 1 , Γ 2 , τ ), which is an isometry τ : Γ 1 −→ Γ 2 . Here Γ 1 , Γ 2 ⊂ Γ and for any
The continuous parameter is a tensor r 0 ∈ h ⊗ F h satisfying r 0 + r 21 0 = Ω 0 and (τ (α) ⊗ 1 + 1 ⊗ α)(r 0 ) = 0 for any α ∈ Γ 1 . Here Ω 0 denotes the Cartan part of the quadratic Casimir element Ω. Then
where e α and e −α are parts of a fixed Chevalley system of (g, h) in the sense of [3, Ch. VIII, §2 and §12]. We will sometimes write r BD = r 0 + r ′ BD . We return to the case of our field K = C((t)). Let δ be a Lie bialgebra structure on g(K). Clearly, it is of the form δ(a) = δ r (a) = [r, a ⊗ 1 + 1 ⊗ a], where a ∈ g(K) and r ∈ g ⊗ K g is an r-matrix. We will assume that (g(K), δ) is not triangular, i.e. r is not skew-symmetric.
By the Belavin-Drinfeld classification there exists a unique r BD such that
for some X ∈ G ad (K) and b ∈ K × . Since r + r 21 = b Ω, we can apply [16, Theorem 2.7] to conclude that b 2 ∈ K. This leads to two cases, depending on whether b is in K or not. The first case is treated with the non-twisted Belavin-Drinfeld cohomologies, and it is dealt in full generality by means of the Galois cohomology H 1 (K, C(G, r BD )) in [18] .
Our interest is in the second case with b = j. The corresponding twisted Belavin-Drinfeld cohomologies and their relation to quantum groups and Galois cohomology are the contents of the next two sections.
Definition 3.4. The Belavin-Drinfeld matrix r BD in (3.3) is unique. Its discrete parameter (Γ 1 , Γ 2 , τ ) will be called the discrete parameter of r.
Lemma 3.5. Let r ∈ g ⊗ K g be an r-matrix. Then (i) r 21 is an r-matrix. (ii) γ(r) is an r-matrix for all γ ∈ G. (iii) Let r BD be a Belavin-Drinfeld matrix as in (3.2) . Then γ(r BD ) is also a Belavin-Drinfeld matrix for all γ ∈ G. Furthermore, these two r-matrices differ only on their continuous parameter. In particular, they have the same discrete parameter.
Proof. The first statement is well known, the second and third are obvious.
Twisted Belavin-Drinfeld cohomology
In the remainder of our paper we will assume that in (3.3) we have Theorem 4.3. Assume that r = b Ad X (r BD ), b ∈ K, induces a Lie bialgebra structure on g(K). Then both r BD and r are rational, i.e. they belong to
This allows us to establish the following.
Proposition 4.4. Assume that jAd X (r BD ) induces a Lie bialgebra structure on g(K). Then
(ii) Ad γ2(X) (r BD ) = Ad X (r BD ), and 21 . In particular, rmatrices γ 1 (r BD ) and r
21
BD have the same discrete parameter.
We remind the reader that γ 1 is a fixed progenerator of G = Gal(K) and γ 2 = 2γ 1 is a progenerator of Gal(L).
Proof. (1) This follows from Theorem 4.3 using L instead of K as the base field.
(2) The second statement follows from the following lemma, which will also be used later.
Lemma 4.5. Assume that r satisfies the CYBE and r + r 21 = Ω. Then the following two conditions are equivalent:
• (a) jr induces a Lie bialgebra structure on g(K).
• (b) γ 1 (r) = r 21 and γ 2 (r) = r.
Therefore, r = γ 2 (r) + pΩ and r 21 = γ 2 (r 21 ) + pΩ. Since γ 2 (r + r 21 ) = Ω, we see that p = 0. Now, we will prove that γ 1 (r) = r 21 . Since γ 1 (j) = −j, we have
The last equality implies immediately that r + γ 1 (r) = qΩ with q ∈ K. Applying γ 1 again to the latter equality, and taking into account that by the first part of the proof we have 2γ 1 (r) = r, we see that q ∈ K.
Since r + r 21 = Ω and γ 1 (r + r 21 ) = Ω, we deduce that q = 1, hence that γ 1 (r) = r 21 .
(b) ⇒ (a). To prove that jr induces a Lie bialgebra structure on g(K), we have to verify that γ i ([jr, a ⊗ 1 + 1 ⊗ a]) = [jr, a ⊗ 1 + 1 ⊗ a] for i = 1, 2 and any a ∈ g(K). If i = 2, then it is clear. It remains to prove the above statement for i = 1. In this case we have:
Let c be the Chevalley involution of (g(K), b, h). By definition this is the unique automorphism of g(K) that maps e α to e −α for all simple roots α. Of course c 2 = Id and c acts on h as −Id. The following result shows that the last condition of the previous proposition imposes sharp necessary conditions for the existence of non-trivial discrete parameters on r BD .
21 has no solutions unless the admissible triple for r BD satisfies
Proof. Let (Γ 1 , Γ 2 , τ ) be the discrete parameter of r BD . First of all, let us notice that Ad γ1(X) (γ 1 (r BD )) has the same discrete parameter as r BD . Indeed this is true for Ad γ1(X) (γ 1 (r BD )) and γ 1 (r BD ) by definition, and for γ 1 (r BD ) and r BD by Lemma 3.5. Our assumption then implies that the discrete parameter of the r-matrix r
BD is (Γ 1 , Γ 2 , τ ). We claim, however, that the discrete parameter of r
Since c ∈ G ad (K), the discrete parameter of r
BD coincides with the discrete parameter of Ad c (r BD ) 21 .
Since τ k (α) belongs to the span of Γ 2 , the discrete parameter of this last rmatrix is (Γ 2 , Γ 1 , τ −1 ) as claimed.
Remark 4.7. The Chevalley involution is inner, i.e. c ∈ G ad (K), if and only if g is of type
Remark 4.8. The last proposition says nothing about the existence of an element X ∈ G ad (K) for which r = jAd X (r BD ) generates a Lie bialgebra structure on g(K). What it does say is that, if such an X exists and c is inner, then r BD must necessarily have a trivial discrete parameter. The rest of the paper deals with the existence and classification of such elements.
Let Out(g) be the finite group of automorphisms of the Coxeter-Dynkin diagram of our simple Lie algebra g(K). If Out(g) is the corresponding constant K-group, we know [23] that there exists a split exact sequence of algebraic K-
We fix a section Out(g) → Aut(g) that stabilizes (B, H). This gives a copy of Out(g) = Out(g)(K) inside Aut(g) = Aut(g)(K) that permutes the fundamental root spaces g(K) αi , and which stabilizes both our chosen Borel and Cartan subalgebras. Of course Aut(g) is the semi-direct product of G ad (K) and Out(g).
As explained in [18, Lemma 5.9] , if the Chevalley involution c is not inner, then there exists an element d ∈ Out(g) of order 2 such that cd = S is an inner automorphism of g(K). The elements c and d commute, hence S has order 2. Of course if c is inner, then d = Id and c = S. Proposition 4.10. Let S = cd be as above. Let r BD be a Belavin-Drinfeld matrix with the discrete parameter (Γ 1 , Γ 2 , τ ) and continuous parameter r 0 . Assume that jAd X (r BD ) induces a Lie bialgebra structure on g(K). Then the following four conditions are satisfied:
Proof. By Proposition 4.4(2) we have γ 1 (Ad X (r BD )) = (Ad X (r BD )) 21 . Then it follows from Lemma 3.5 that γ 1 (r BD ) and Ad S (r 21 BD ) have the same discrete parameter. We know that the discrete parameter of γ 1 (r BD ) is (Γ 1 , Γ 2 , τ ). The same reasoning that we used in the proof of Proposition 4.6 shows that the discrete parameter of Ad S (r
. This proves the first two statements.
(3) is a direct consequence of Proposition 4.4.1(i).
Let us prove (4) now. First, we observe that Ad S (r BD ) 21 and γ 1 (r BD ) belong to the Belavin-Drinfeld list. Since jAd X (r BD ) induces a Lie bialgebra structure on g(K), by Lemma 4.5 we have
Hence, we get the following equality:
Thus two r-matrices from the Belavin-Drinfeld list, γ 1 (r BD ) and Ad S (r BD ) 21 , are gauge equivalent and therefore, they are equal (by the Belavin-Drinfeld classification). In particular, their continuous parameters are equal, which proves that γ 1 (r 0 ) = Ad S (r 0 )
21 .
Corollary 4.13. Assume that jAd X (r BD ) induces a Lie bialgebra structure on
Proof. The first statement follows from the equality γ 1 (r BD ) = Ad S (r BD ) 21 and 4.12.
The second statement is a consequence the following facts:
The set of all twisted Belavin-Drinfeld cocycles is denoted by Z(G ad , r BD ).
Then the above definition of a twisted Belavin-Drinfeld cocycle coincides with the one given in [18,
Now we are ready to prove that if r BD satisfies the conclusions of Proposition 4.10, then Z(G ad , r BD ) is non-empty. The crucial ingredient of the proof is the existence of the element J ∈ G ad (L) such that γ 1 (J) = JS, see [18, Proposition 5.11] . Proof. Lemma 4.5 implies that we need only to verify that γ 2 (Ad J (r BD )) = Ad J (r BD ) and γ 1 (Ad J (r BD )) = Ad J (r BD ) 21 . The first equality is clear since J ∈ G ad (L) and γ 2 (r BD ) = r BD (because r BD satisfies 4.10, conclusion (3)).
For the second one we have
where r ′ BD = r BD − r 0 . Here we have used the following facts:
Since S 2 = Id, then by Proposition 4.10 (4) we conclude that Ad S (γ 1 (r 0 )) = (r 0 ) 21 and hence
Corollary 4.17. The set Z(G ad , r BD ) is non-empty if and only if r BD satisfies the conclusions of Proposition 4.10.
Remark 4.18. It is not so easy to describe explicitly all discrete parameters in the case g = A n that satisfy the conclusions of Proposition 4.10. On the other hand, all possible discrete parameters for D 2n+1 were found in [16] . There, it was also noticed that if the discrete parameter satisfies the conclusions of Proposition 4.10, then the set of the corresponding continuous parameters is non-empty.
Definition 4.19. Two twisted cocycles X 1 and
Definition 4.20. The twisted Belavin-Drinfeld cohomology related to G ad and r BD is the set of equivalence classes of the twisted cocycles. We will denote it by H(G ad , r BD ).
For a motivation of these two definitions see [14, 15] . The twisted BelavinDrinfeld cohomology provides a classification of quantum groups modulo the action of the gauge group G ad (K).
5 From twisted Belavin-Drinfeld cocycles to H 1 of a twisted K-group Throughout this section r BD satisfies the conclusions of Proposition 4.10. One of the most important r-matrices is the so-called Drinfeld-Jimbo one r DJ given by
Here Ω 0 , as it has already been mentioned, stands for the h ⊗ K h component of the Casimir operator Ω of g(K) written with respect to our choice of (b, h).
Recall that C(G ad , r BD )(K) is always a closed subgroup of H(K) and that
The following theorem of [18] plays a crucial role in this part of the paper. More precisely, our element J is an element of Z(G ad , r DJ ) and any other twisted cocycle is equivalent to J. The crucial importance of this result is the following Corollary 5.3. Assume that X ∈ Z(G ad , r BD ). Then X = QJD, where Q ∈ G ad (K) and D ∈ H(K).
Proof. It was proved in [15] that
This means that any twisted Belavin-Drinfeld cocycle X for r BD is simultaneously a twisted Belavin-Drinfeld cocycle for r DJ .
As explained above X is equivalent to J, but this means by definition that X = QJD for some Q ∈ G ad (K) and D ∈ H(K).
Our next aim is to find necessary and sufficient conditions for D such that QJD is a twisted cocycle for r BD .
Proposition 5.4. X = QJD ∈ Z(G ad , r BD ) if and only if the following two inclusions hold:
Proof. Assume that X = QJD is a twisted cocycle for r BD . Then the first statement is clear because γ 2 (QJ) = QJ. Let us prove the second one. By definition we have X −1 γ 1 (X) = SC = (SCS)S for some C ∈ C(G ad , r BD )(K). On the other hand,
Conversely, consider Y = QJD, where D satisfies conditions of the proposi-
As for γ 1 , we have to prove that Y = QJD satisfies γ 1 (QJD) = QJDSC for some C ∈ C(G ad , r BD ). Since γ 1 (Q) = Q, it suffices to prove that γ 1 (JD) = JDSC. We have
Therefore, it remains to prove that
because the centralizer is Ad S -invariant. This relation implies that Y is a twisted cocycle for r BD . Now we discuss necessary and sufficient conditions for two twisted BelavinDrinfeld cocycles X = Q 1 JD 1 and Y = Q 2 JD 2 to be equivalent, namely, when Y = Q 3 XC, where Q i ∈ G ad (K), i = 1, 2, 3, and D j , j = 1, 2, satisfy conditions of Proposition 5.4, and C ∈ C(G ad , r BD )(K).
Theorem 5.5. Let X and Y be two equivalent twisted Belavin-Drinfeld cocycles for r BD . Then there exists C ∈ C(G ad , r BD )(K) for which the following two conditions hold:
Proof. Assume that X, Y are two equivalent twisted Belavin-Drinfeld cocycles. Then Y = Q 3 JD 1 C for some C ∈ C(G ad , r BD )(K) and Q 3 ∈ G ad (K). It follows that
. On the other hand,
). An easy comparison of the equalities above completes the proof. Now we are motivated to introduce the following twisted action of G on H(K). There is a unique group homomorphism
such that u S : γ 1 → Ad S . Since S 2 = 1 this homomorphism is continuous. Furthermore, since G acts trivially on Ad S , our map u S is a cocycle in Z 1 (G, Aut(G ad ))(K). Since H(K) is stable under Ad S , we can consider the corresponding twisted K-algebraic group H uS and its Galois cohomology
Recall that by the definition of the twisted action (which we denote by * )
In our case, for D ∈ H(K) the explicit nature of the twisted action is
and
Similar considerations can be applied to C(G ad , r BD )(K), because this group is also Ad S -stable by Corollary 4.13. The corresponding twisted K-group will be denoted by C(G ad , r BD ) uS . Now, Proposition 5.4 can be reformulated.
Theorem 5.5 can be reformulated too:
Theorem 5.8. Let X = Q 1 JD 1 and Y = Q 2 JD 2 be two equivalent twisted Belavin-Drinfeld cocycles for r BD . Then there exists
We need one more result.
Proof. Clearly, it is sufficient to prove that X 1 = JD 1 and Y 1 = JD 2 are equivalent Belavin-Drinfeld cocycles. In other words, we have to prove that
We have
Let us prove this claim. It follows immediately that
Theorems 5.5 and 5.9 mean that two twisted Belavin-Drinfeld cocycles X = Q 1 JD 1 and Y = Q 2 JD 2 r BD are equivalent if and only if
induce one and the same element in
Corollary 5.10. The map w(QJD) = u D defines an injective map from the set H(G ad , r BD ) to
Proof. We need to show that the map
is well defined and injective. To be precise, we need to show that if Q 1 JD 1 and Q 2 JD 2 are equivalent Belavin-Drinfeld cocycles, then there exists C ∈ C(G ad , r BD )(K) such that for all σ ∈ Gal(K) we have
In other words,
But this is exactly Theorem 5.8.
Our next aim is to prove
Proposition 5.11. The map w is surjective.
Proof. We have an exact sequence of algebraic K-groups: 
The corollary generalizes (for our particular base field K) one of the main results of [18] about non-twisted Belavin-Drinfeld cohomology. Namely, there exists a bijection of sets H(G ad , r BD ) → H 1 (K, C(G ad , r BD )). Our final result in this section is the following theorem, which compares twisted and non-twisted Belavin-Drinfeld cohomologies.
Theorem 5.13. Assume that r BD satisfies the conclusions of Proposition 4.10 (i.e. the set H(G ad , r BD ) is non-empty). Then the set H(G ad , r BD ) is finite and its number of elements does not exceed the number of elements in H(G ad , r BD ).
Proof. Since C(G ad , r BD ) is a closed subgroup of H, it is of the form
where T is a split torus over K and µ m k is the finite multiplicative K-group of m k -roots of unity. Thus,
We consider r BD satisfying conclusions of Proposition 4.10. It is clear that the subtorus T is stable under the action of Ad S . Therefore, we can consider the following exact sequence of the twisted Kgroups:
The last group in the sequence above is a twisted form of the finite constant group corresponding to Z/(m 1 ) × . . . × Z/(m n ). Let us denote this K-group by M. Now, consider
Since T uS is reductive, we obtain H 1 (K, T uS ) = {1} by Steinberg's theorem and consequently we get an embedding Corollary 5.14. Assume that r BD satisfies the conclusions of Proposition 4.10 and H 1 (K, C(G ad , r BD )) = {1}. Then H(G ad , r BD ) consists of one element, which is J.
Classification of Lie bialgebras
Let G be a split simple algebraic group over any field of characteristic zero, H ⊂ G a Cartan subgroup, Q ⊂ P the root and weight lattices. Let χ(H) be the group of (algebraic) characters of the torus H. The map λ → dλ, where d is the differential at the identity, is an isomorphism of χ(H) onto a lattice X with Q ⊂ X ⊂ P .
Let γ 1 , . . . , γ n be a Z-basis of X, t 1 , . . . , t n ∈ χ(H) the corresponding characters. Then the map h → (t 1 (h), . . . , t n (h)) defines an isomorphism H → (G m ) n of algebraic tori. 4 Proposition 6.1. Let X = Q, i.e. the group G is of adjoint type. Then C(G, r BD ) is connected for any Belavin-Drinfeld r-matrix r BD .
Proof. Let the discrete parameter of r BD be (Γ 1 , Γ 2 , τ ). It follows from [15, Theorem 2] that C(G, r BD ) consists of all h ∈ H such that for any α ∈ Γ 1 we have e α (h) = e τ (α) (h). Here e α is the character of H related to the simple root α.
If X = Q, we can choose γ i = α i , where α i are simple roots. Then the centralizer C(G ad , r BD ) ⊂ H ≃ (G m ) n is defined by equations of the form t i1 = . . . = t i k for any string
, where n(r BD ) is the number of strings of r BD (including strings which consist of one element only, i.e. the corresponding α is not contained in Γ 1 ).
Remark 6.2. If the lattice X is bigger than Q, then each α i = n ij γ j with n ij ∈ Z. Let G = G X be the corresponding group and let h = (h 1 , . . . , h n ) ∈ C(G X , r BD )(R) for any ring extension R ⊃ K. Let α i ∈ Γ 1 and τ (α i ) = α k = n km γ m . Then we get the following equation on the elements h s :
Consequently, we get a system of equations which might lead to non-triviality of H(G, r BD ) as it happened for G = SO 2n , see [16] . Remark 6.5. Note that in the non-trivial classical cases Corollary 6.4 also follows from the explicit calculation of twisted Belavin-Drinfeld cohomology obtained in [15, 16] . Namely: 1) Let g be of type A n−1 , n ≥ 3. Then it follows from results of [15] that C(GL n , r BD ) is a split sub-torus of GL n for any r BD . Consequently, C(PGL n , r BD ) is a split sub-torus of PGL n and H(PGL n , r BD ) is either empty or contains one element J if r BD satisfies the conclusions of Proposition 4.10.
2) Let g be of type D n with n odd and the vertices of the corresponding Coxeter-Dynkin diagram α n−1 , α n be such that d(α n−1 ) = α n . It follows from results of [16] that r BD satisfies the conclusions of Proposition 4.10 if and only if
Then for the corresponding r BD its centralizer in SO 2n is isomorphic to T × {±I}, where T is a split sub-torus. It is clear that for the corresponding adjoint group we have H 1 (K, C(SO 2n /{±I}), r BD ) = {1}. Consequently, if r BD satisfies the conclusions of Proposition 4.10, then H(SO 4p+2 /{±I}, r BD ) = {J}.
We now return to our classification. Let g(K) be as above, and G the algebraic K-group of adjoint type corresponding to g(K). By Corollary 6.3, for any Belavin-Drinfeld triple (Γ 1 , Γ 2 , τ ) and a continuous Belavin-Drinfeld parameter r 0 we have a unique, up to the action of G, Lie bialgebra structure on g(K) of non-twisted type. Namely, let R be the set of all quadruples (Γ 1 , Γ 2 , τ, r 0 ), where (Γ 1 , Γ 2 , τ ) is a Belavin-Drinfeld triple, and r 0 ∈ h ⊗ K h is a continuous Belavin-Drinfeld parameter. Theorem 6.6. Up to G-action, Lie bialgebra structures on g(K) of non-twisted type are parameterized by R.
In order to classify quantum groups up to an isomorphism, we need to describe an action of Out(g) on R. Let d ∈ Out(g). Clearly, d acts on the Cartan subalgebra of
, where α is a simple root. Then there is a natural action of Out(g) on the set R given by
Thus we have the following Theorem 6.7. Up to isomorphism, Lie bialgebra structures on g(K) of nontwisted type are parameterized by Out(g)\R.
Let us pass to the twisted type now. Let R be the set of all quadruples (Γ 1 , Γ 2 , τ, r 0 ), where a Belavin-Drinfeld triple (Γ 1 , Γ 2 , τ ) and a continuous Belavin-Drinfeld parameter r 0 satisfy the conclusions of Proposition 4.10. By Corollary 6.4, we have Theorem 6.8. Up to G-action, Lie bialgebra structures on g(K) of twisted type are parameterized by R.
Now we classify twisted Lie bialgebra structures on g(K)
up to an isomorphism.
Theorem 6.9. Up to isomorphism, Lie bialgebra structures on g(K) of twisted type are parameterized by Out(g)\R.
Proof. We have to prove that d(r 0 ) satisfies the condition
while γ 1 (r 0 ) = Ad S (r 0 ) 21 . It is sufficient to prove that d commutes with γ 1 , which is obvious, and with Ad S .
Case 1: the Chevalley involution c is not inner. Let us recall that in this case S = cd, where d is the only automorphism of the Coxeter-Dynkin diagram which has order 2. Notice that c commutes with d, see (4.9). Then, clearly, d commutes with Ad S .
Case 2: c is inner. Then, by construction of S, we have S = c, see [18] , and Ad S acts identically on discrete parameters because it acts as −Id on the Cartan subalgebra. This observation completes the proof.
Remark 6.10. 1) If the Chevalley involution c is inner, then, by Proposition 4.6, Γ 1 = Γ 2 = ∅ for any (Γ 1 , Γ 2 , τ, r 0 ) ∈ R. In other words,
Therefore, in this case Lie bialgebra structures on g(K) of twisted type are parameterized by R DJ up to G-action and by Out(g)\R DJ up to isomorphism.
2) Let the Chevalley involution c be outer. In this case we have |Out(g)| = 2, and d ∈ Out(g) of order 2 acts on R by
Therefore, in this case Lie bialgebra structures on g(K) of twisted type are parameterized up to isomorphism by R modulo the relation (6.11). The Chevalley involution is outer if and only if g is of type A n+1 , D 2n+1 , E 6 . For the A n+1 and D 2n+1 cases, see Remark 6.5. In the E 6 case, let Γ = {α 1 , . . . , α 5 , α 6 } be enumerated in a way that {α 1 , . . . , α 5 } is the simple root system of type A 5 (with the standard enumeration). Let (Γ 1 , Γ 2 , τ, r 0 ) ∈ R. If neither Γ 1 nor Γ 2 contain α 6 , then the admissible triples are the same as for A 5 . Otherwise, there are the following cases (up to interchanging Γ 1 and Γ 2 ):
7 Classification of quantum groups
5
According to [10, 11] , classification of quantum groups such that their classical limit is g(K) is equivalent to classification of Lie bialgebra structures on
First recall [15] that any Lie bialgebra structure on g(O) can be naturally extended to g(K). Conversely, for any Lie bialgebra structure δ on g(K) there exists a non-negative integer n such that t n f (t)δ for any invertible element f (t) ∈ O × can be restricted onto g(O) and defines a Lie bialgebra structure on it.
Let us start with the non-twisted case.
Theorem 7.1. Let r = a Ad X (r BD ) and r ′ = a ′ Ad X ′ (r ′ BD ) be two r-matrices of non-twisted type defining Lie bialgebra structures on g(O). Write non-twisted Belavin-Drinfeld cocycles X and
. Then r and r ′ define G ad (O)-isomorphic Lie bialgebra structures on g(O) if and only if the following conditions hold:
(1) a = a ′ , (2) r BD = r ′ BD , (3) Q and Q ′ are in the same double coset in
5 In this and the following sections we consider algebraic groups over C.
Proof. Assume that r and r ′ define G ad (O)-equivalent Lie bialgebra structures on g(O). Notice that since r BD + r
and Ω is invariant with respect to automorphisms of g(O), we have a = a ′ and r BD = r ′ BD . Further, let us study when r = a Ad X (r BD ) and r ′ = a Ad X ′ (r BD ) induce G ad (O)-equivalent Lie bialgebra structures on g(O). This condition is equivalent to
Remark 7.2. The theorem above means that the quantum groups are parameterized by two parameters:
• continuous parameter a = t n f (t),
This parameter is discrete for sl(2) and is not discrete already for sl(3) as we will see later.
Since Aut(g(O)) is a semi-direct product of G ad (O) and a finite group Out(g), up to isomorphism quantum groups are classified by the continuous parameter a = t n f (t) and the set
The action of Out(g) can be easily described: clearly Out(g) acts canonically on the simply connected G sc (K) and the action preserves the center, so it acts on G ad (K).
Consider the case g = sl(n) and r BD = r DJ . Notice that the natural projection GL(n, K) → PGL(n, K) induces a bijection
Let us discuss the set GL(n, O)\GL(n, K)/Diag(n, K) for small values of n. 
Proof. Using considerations similar to the Gauss algorithm we can conclude that any double coset has a representative of the form above. Let us prove that they are distinct in the set of double coset. Indeed, let T i = P T k H, with P ∈ GL(2, O) and diagonal H. It follows that P is upper triangular and hence has the form P = y 1 p 0 y 2 with invertible elements y i ∈ O × and p ∈ O. Furthemore, we see that H = diag (y
2 ). Multiplying we get p = y 2 t −k − y 1 t −i . Recall that p ∈ O. This can never happen unless i = k. This proves the proposition.
From the above proof also follows Proof. One can apply a Gauss type algorithm.
It follows from Proposition 7.3 and Corollary 7.4 that if T ij (q 1 ) and T kl (q 2 ) are contained in the same double coset, then i = k, j = l. Furthermore, it follows that if P T ij (q 1 )H = T ij (q 2 ), then
Theorem 7.6. T ij (q 1 ) and T ij (q 2 ) are in the same double coset if and only if q 2 = [y 1 q 1 + (y 2 − y 1 )t −i−j ] for some y 1 , y 2 ∈ O × such that y 2 ≡ 1 mod t j and y 2 ≡ y 1 mod t i .
Proof. Calculating the product
2 , 1), we can get positive degrees of t only in the upper right corner. Now, applying an elementary row operation we can "kill" the polynomial part in the upper right corner.
So, we have constructed an action of the group
Corollary 7.7. Double cosets GL(3, O)\GL(3, K)/Diag(3, K) are in a bijection with the following data:
(1) A pair of non-negative integers i, j.
(2) An orbit of the action of the group N ij on the set P 0 .
Remark 7.8. A description of these orbits is an elementary problem, which we leave to the readers. One can check that the orbit of the zero polynomial N ij (0) consists of all polynomials of degree ≤ j. (1) a = a ′ , (2) r BD = r ′ BD , (3) Q and Q ′ are in the same double coset in
Proof. Similar to the proof of Theorem 7.1.
Let us concentrate on the case g = sl (2) . It is easy to show that in this case
Another easy remark is that in this case we can substitute
where
d ∈ L} and in this case J = 1 1 −j j , see [15] To study the latter set we need the theory of orders, see [19] . The description is given in the next section. In this subsection, we consider K n as a K-algebra with K embedded diagonally into K n . Our purpose is to describe the double cosets which we discussed in the preceding section in terms of O-orders in the algebra K n .
Clearly, GL(n, K) acts transitively on the set of lattices in K n because any lattice has a form M = G · O n for some G ∈ GL(n, K). Hence,
2. An order in K n is a subring R of K n containing O, finitely generated as an O-module and such that RK = K n . 
where H ∈ Diag(n, K). Clearly, multiplication by H = diag (a 1 , . . . , a n ) coincides with multiplication by h = (a 1 , . . . , a n ) ∈ K n . Let g ∈ I(M 1 ). Since the ring K n is commutative, it follows that g ∈ I(M 2 ) and I(M 1 ) = I(M 2 ). So, the correspondence G → I(M 1 ) defines the required map
It is a surjection because for any order R we have I(R) = R.
Generally speaking, the map defined above is not injective. Let us define its kernel in the sense of sets. Definition 8.6. Given an order R, we say that a lattice M belongs to R if R = I(M ).
We have proved that M and hM , h ∈ K n , belong to the same order R = I(M ). Definition 8.7. We say that two lattices M 1 and M 2 are in the same lattice class if M 1 = hM 2 for some h ∈ K n .
Let us consider a canonical map ω = ω n : {lattices in K n } → {orders in K n } defined as M → I(M ). The following proposition is obvious.
and M 2 belong to the same lattice class.
Let us fix an order R and consider the set of lattices L(R) belonging to R.
is a disjoint union of lattice classes. Let us denote the number of such classes by lc(R).
The following proposition is a direct consequence of the definitions above.
Proposition 8.9. ω −1 (R) consists of lc(R) elements.
The result below was proved by J. Brzezinski in [4] .
Theorem 8.10. lc(R) = 1 if and only if R is a Gorenstein ring.
Quantum groups over sl(2)
We begin with a corollary to the Brzezinski theorem.
Corollary 8.11. The map ω 2 is a bijection.
Proof. Let R be in order in O 2 . Then it is of the form R = O[y], where y satisfies a quadratic equation y 2 + ay + b = 0 with a, b ∈ O. It is known that such a ring is Gorenstein. Therefore, lc(R) = 1 and ω 2 is a bijection.
Let us also discuss the twisted case, in other words the double cosets
The lemma below is straightforward.
Here, in an analogy with the real numbers, we denote by U(1, 1) the group which consists of matrices of the form
The group U(1, 1) acts naturally on L via the formula P d = xd + yγ 1 (d). In fact, this action comes from the natural action of
. Now we can repeat the non-twisted considerations above.
It is not difficult to show that
Definition 8.14. R ⊂ L is an order in L if it is a lattice and a sub-ring of L which contains the unit of L.
Using the result by Brzezinski [4] , we deduce the final classification of the twisted quantum groups for sl(2). Theorem 8.16. There is a canonical bijection
Proof. As in the non-twisted case, we have to show that any order R in L is a Gorenstein ring, which is clear because it can be easily shown that in this case
Corollary 8.17. Quantum groups such that their classical limit is sl(2) are in a one-to one correspondence with the set of orders in quadratic rings, i.e. O
Quantum groups over sl(3) and orders in cubic rings
The aim of this subsection is to show that quantum groups such that their classical limit is sl(3) are not in a one-to-one correspondence with the set of orders in cubic rings over O, which are
Our consideration is based on results about orders in cubic rings obtained in [5] and [13] , see also [2] .
If n = 3, the surjection
has been already constructed. Let us turn to the twisted case. We have
(see [15] ). Because of this form of J 3 , our treatment of the case n = 3 is very similar to the case n = 2 and we get the following results.
Theorem 8.18. 1) Quantum groups of the twisted type which quantize the Lie bialgebra structure on sl(3) defined by jr DJ are parameterized by
2) There is a natural surjection [5] , let us discuss some constructions related to the cubic rings over O (see [2] ). Let {1, ω, θ} be an O-basis for a cubic ring R. Translating ω, θ by appropriate elements of O, we can achieve that ωθ = n ∈ O. Such a basis we will call normal. So, we got the following multiplication table:
• ωθ = n,
• ω 2 = m + bω − aθ,
• θ 2 = l + dω − cθ with a, b, c, d, l, m, n ∈ O. Now, let us associate the following binary cubic form with R : f (u, v) = au 3 + bu 2 v + cuv 2 + dv 3 , which will be called the index-form. One can show that the associative law implies that (n, m, l) = (−ad, −ac, −bd). Therefore, the index form f (u, v) determines R = R(f ) uniquely.
At this point we make another important statement:
Let Aut K (RK) be the group of K-automorphisms of the enveloping algebra RK. Proof. Assume that R is contained in O M . Let P (x) = P abcd (x) be reducible, in other words it has a root s ∈ K. Then P (x) = (x − s)(x 2 + Ax + B) with A, B ∈ K and hence, θ 2 + Aθ + B = 0 because there are no zero divisors in O M and θ − s = 0. Now, we have two possibilities: either x 2 + Ax + B is reducible with two roots p, q ∈ K or it is irreducible. In the case of two roots we have Proof. It was proved in [13] that lc(R) ≤ 2 if R is an order in a cubic ring. In the same paper, it was also proved that for certain orders lc(R) = 2. It turns out that if a, b, c, d ∈ tO, then lc(R) = 2, otherwise lc(R) = 1. Therefore, if R is such that a, b, c, d ∈ tO and P abcd (x) is such that (a, b, c, d) ∈ Q , then (ρ 3 ∪ ω 3 ) −1 (R) consists of 2 elements. This means that the map ρ 3 ∪ ω 3 is not injective.
Finally, let us summarize our results about quantum groups quantizing the Lie bialgebra {sl(3, C), r DJ }. We denote this set QUANT(sl(3)). The following maps have been constructed
• QUANT(sl(3)) ∼ = {double cosets of 2 types}.
• ρ 3 ∪ ω 3 : {double cosets of 2 types} → {orders in O 3 , O L ⊕ O}, which is surjection but not injection.
•
Not much is known for n > 3.
Our results are quite unexpected: there are "too many" quantum groups which are not isomorphic as Hopf algebras over O. However, we make a conjecture that after tensoring by K there will be only two Hopf algebras over K related to non-twisted and twisted Belavin-Drinfeld cohomologies.
